Abstract. The problem of the closest packing of N equal nonoverlapping circles on a sphere has been of interest in geometry, chemistry, biology, engineering and optimization. The problem of packing N equal nonoverlapping circles on a hemisphere is a different problem of the same type and is also of interest in various fields such as detecting signals in a multisource neighbourhood and measuring solar radiation. The paper introduces a method for locating N equal nonoverlapping circles on a hemisphere arranged along parallel rings. The method provides information on the elevation and orientation angles of the circles and circle size; and calculates the surface coverage by the circles. The circles may represent the view angles of detectors arranged on a hemisphere. The solution is given for 2-40 detectors.
Introduction
The problem of the closest packing of N equal nonoverlapping circles (spherical caps) on a sphere so that the size of the circles is maximized has been of interest in geometry, chemistry, biology, engineering and optimization. This problem is sometimes known as Tammes' problem [1] after the Dutch botanist and originated from a study of the pattern of orifices in spherical pollen grains. The closest packing of circles on a spherical surface was also examined with the use of techniques that had been developed to determine the stereochemical arrangement of atoms around a central atom [2] . Packing problems were involved also in coding theory, in which the distance between code words is maximal [3] . The packing of circles can be presented by graphs of packing [4, 5] . The references listed are only a few of a greater list.
A different problem, of the same type, is that of packing N equal nonoverlapping circles on a hemisphere since circles are not allowed to cross the boundary of the hemisphere. In another case, the sphere is manufactured from two hemispheres. This happens to golf balls and geodynamic satellites, for instance. The dimples on the golf ball [6] and circular mirrors on the LAGEOS satellite [7, 8] are arranged along parallel small circles of a sphere, similarly to the arrangements introduced in this paper. LAGEOS (Laser Geodynamics Satellite) is one of the first artificial satellites developed exclusively for geodynamic measurements using laser-ranging techniques. It carries an array of 426 prisms called cube-corner retroreflectors, giving it the dimpled appearence of a golf ball. Detectors arranged on a hemisphere may measure directional radiation emanating from the sky, which permits the calculation of the direct beam, diffuse and global solar irradiances on inclined surfaces. This paper introduces a method for locating N equal nonoverlapping circles (spherical caps) on a hemisphere so that the size of the circles is maximized when the circles are packed in disjoint parallel rings. The method is based on a numerical solution and provides information on the elevation and azimuth angles of each circle and the percentage surface coverage of the circles on the hemisphere. The solution is given in this paper for 2-40 circles. The circles may represent the viewing angles of detectors arranged on a hemisphere.
The disposition of detectors

The definition of the problem
We are given N equal detectors (i.e. having the same viewing angles) to be arranged on a hemisphere of radius R. Each detector is characterized by the angles α i , γ i and η, where α i is the elevation angle with respect to the basal plane of the hemisphere, γ i is the detector's angular distance (or azimuth) from a reference direction in the basal plane of the hemisphere, e.g. S (South-positively in a clockwise direction) and η is the viewing angle (see figure 1(a) ).
The problem is this. Find angles
to obtain an optimal disposition of the detectors on the hemisphere. An optimal disposition is defined as a set of angles α i , γ i and η, i = 1, 2, . . . , N that yields maximal surface coverage without an overlapping of the coverage regions of the different detectors. The requirement of nonoverlapping is added because in measuring directional solar radiation (or any other directional signal) it might be difficult to compensate for the detectors' overlapping regions. The above definition determines uniquely the viewing angle η but still leaves some degree of freedom for the positions of the detectors, i.e. the angles (α i , γ i ), i = 1, 2, . . . , N. To solve this, another requirement is added, which says that, under the above definition, the detectors are disposed such that they are as far apart from each other as possible. This ensures a more uniform coverage of the surface (for example the sky in the case of solar-radiation measurements). Note, however, that this requirement is redundant if, in the optimal solution, the coverage regions of the detectors are tangential in a way that the detectors cannot move. The percentage of surface coverage (PSC) will now be determined with the help of figure 1 
The surface area of a spherical sector (cap) is
and the percentage of surface coverage of N equal detectors is therefore
Thus it is obvious that the viewing angle of the detectors for the optimal disposition is the maximal angle that satisfies the condition of nonoverlapping.
A different problem of the same type
We are given N unequal detectors to be arranged on a hemisphere of radius R. Each detector is characterized by the angles α i , γ i and η i , where α i is the elevation angle with respect to the base plane of the hemisphere, γ i is the detector's azimuth with respect to a reference direction and η i is the detector's viewing angle. The problem is this. Find angles
to obtain a disposition satisfying the following conditions. Here, conditions (i) and (ii) ensure that the minimal η i of a detector is equal to η of the optimal solution for the problem in section 2.1. Condition (iii) removes the degree of freedom in the detectors' positions because each detector is in contact with at least one neighbour. Because the viewing angles of the detectors are maximized (to obtain the maximal surface coverage), each detector is positioned as far as possible from its neighbours. The percentage of surface coverage of N unequal detectors is
The solution to problem 2.2 provides the position of the detectors (α i , γ i ) and the minimal viewing angle (min(η i )). Note that the same positions of the detectors as those in problem 2.2 is also the solution to problem 2.1, but with the same minimal viewing angle η i for all detectors. It should be noted, in this case, that some detectors need not be in contact with their neighbours; therefore, the PSC for N equal detectors may be lower than that for N unequal detectors.
Relaxed assumptions
For practical engineering reasons we may want to place the detectors on parallel circles on the surface of the hemisphere. This requires relaxed assumptions for the solution of the problem in section 2.2, bearing in mind a possible deviation from the optimal solution. The assumptions are as follows. 
To solve equation (6) one needs first to determine η c . The maximum viewing angle η c is determined by the tangentiality (for nonoverlapping) of the regions covered by the detectors. The coverage of a detector is a spherical sector (cap). The arc angle of a circular cross section parallel to the base plane and passing through the sector varies with the elevation angle of the detector. This is described in figure 2 . The arc angle is denoted by 2ζ and is a function of the detector's viewing and elevation angles and the elevation angle of the arc α ζ , i.e. 2ζ = f (η c , α c , α ζ ).
The angle ζ as a function of α ζ has a maximum determined by the tangentiality of two coverage regions of two adjacent detectors lying on the same circle. The condition of tangentiality is given by
The dependence of the angle ζ m as a function of η c will now be determined. To simplify, we assume that the azimuth of vector A is zero, i.e. γ c = 0; thus γ ζ = ζ and we obtain cos ζ = cos η c − sin α c sin α ζ cos α c cos α ζ .
The maximal arc angle is obtained from the derivative d cos ζ /dα ζ = 0 resulting in
where α ζ m is the elevation angle of a cross sectional circular plane having a maximum arc (maximum angle) of the spherical sector of the detector's coverage region. On substituting equation (9) into equation (8), after manipulation, we get
By substituting equation (6) into equation (10) and equating it to equation (7), we obtain
The angles η c−1 and α c−1 are known from the solution of the previous circle. The solution of η c (for the present circle) is obtained numerically from equation (11) and the elevation angle α c is then computed from equation (6). For a single detector on top of the hemisphere α c = π/2, the viewing angle is calculated by using equation (6) without resorting to equation (11), i.e.
Thus, equations (6) and (11) . These values serve now to calculate the angles for the second circle. Note that, if the viewing angle of the second circle is smaller than that of the first circle, then the viewing angle of the first circle is decreased iteratively until the viewing angles of the two circles are equal. This is done in order to maximize the smallest angle in the arrangement to satisfy condition (ii) in section 2.2. After the viewing angle of the second circle has been determined, the viewing angle of the third circle is calculated. Again, if the viewing angle is smaller, adjustments to the previous circles are made, etc. The procedure described finds the best (α c , η c ) for a given arrangement (c, n c ).
The angular distance (azimuth) with respect to a reference direction of each detector has not yet been determined. The azimuth angle has not been taken into account directly in the determination of the best arrangement described above because assumption (ii) in section 2.2 precludes overlapping of the viewing angles of detectors in the different circles. This degree of freedom (azimuth angle) may impair the optimality of the solution to some degree. The azimuths of the detectors are determined as follows. For each circle it is sufficient to assign an azimuth to one detector only. The other detectors in the same circle are then evenly distributed. In adjacent circles, the azimuths of the detectors are determined by maximizing the minimal distance between detectors. The azimuth of the first detector in each circle is denoted by γ c . Figure 3 shows the azimuthal arrangement of the detectors in two circles for N = 21, n 1 = 12 and n 2 = 9, where the azimuths are in degrees with respect to the South (S) direction (positively in the clockwise direction).
The arrangement of N detectors on the hemisphere
To determine the disposition of the detectors on the hemisphere, one has first to find all possible arrangements for a given N detectors. A possible arrangement is defined by c circles having n c detectors in the circle. For N = 6 for example, there are eight possible arrangements: (i) one circle with n 1 = 6; (ii) one circle with n 1 = 5 and n 2 = 1 (α 2 = 90 • ); (iii) two circles with n 1 = 4 and n 2 = 2; (iv) two circles with n 1 = 3 and n 2 = 3; (v) two circles with n 1 = 2 and n 2 = 4; (vi) two circles with n 1 = 3, n 2 = 2 and n 3 = 1 (α 3 = 90 • ); (vii) two circles with n 1 = 2, n 2 = 3 and n 3 = 1 (α 3 = 90 • ); and (viii) three circles with n 1 = 2, n 2 = 2 and n 3 = 2.
For the above possible arrangements the elevation α c , the viewing η c and the azimuth γ c angles are determined according to section 2.3. For each arrangement the smallest For practical reasons one may prefer to use equal detectors (ones with equal viewing angles). The viewing angle is then the smallest of all viewing angles satisfying the condition of nonoverlapping, i.e. η = min(η i ), i = 1, 2, . . . , N. Table 1 lists the dispositions of the detectors on a hemisphere for N = 2-40 detectors. In table 1 N denotes the number of detectors, c is the number of circles on the hemisphere, n is the number of detectors in each circle, α is the elevation angle with respect to the base plane, η is the detector viewing angle; γ is the azimuth of the first detector in the given circle with respect to the South direction and PSC is the percentage of surface coverage, all for N unequal detectors. The η and P SC eq in the last two columns are the viewing angle of the detectors and the percentage surface coverage, respectively, for a hemisphere having equal detectors. For example, a hemisphere with N = 17 detectors is arranged in two circles. In circle 1 there are n 1 = 10 detectors with elevation angle α 1 = 17.2
• and viewing angle η 1 = 17.2
• ; in circle 2 the number of detectors is n 2 = 6 with elevation angle α 2 = 52.2
• and viewing angle 17.6
• ; and one detector is on the top of the hemisphere, having a viewing angle of 20
• . The first detector in circle 1 is positioned at azimuth γ 1 = 0
• and the detectors are uniformly distributed 36
• apart. The first detector in circle 2 is positioned at azimuth γ 2 = 6
• and the detectors are uniformly distributed 60
• apart. The percentage surface coverage is 79.475 (equation (5)). Table 1 lists also the arrangements of equal detectors on a hemisphere. For N = 17, for example, the viewing angle is η = 17.2
• and they cover 76.026% of the surface of the hemisphere (equation 4). One may conclude from table 1 that the practical solution of equal detectors does not, in general, significantly impair the solution for PSC for unequal detectors. We compare also the PSC of the disposition of detectors on a hemisphere having 79.475% coverage for unequal detectors and 75.8% coverage for equal detectors with the maximum PSC (optimal solution) for N = 34 equal detectors on a sphere having 80.4% coverage [9] (corresponding to N = 17 detectors on a hemisphere). The disposition and surface coverage of 31 identical detectors, for example, on a hemisphere are shown in figure 4.
Conclusions
The problem of locating N equal detectors along small circles in disjoint zones of a hemisphere such that no overlapping of the viewing angles of the detectors occurs was solved mathematically. This type of solution may be of interest in various fields, such as in signal detecting and solar energy. The solution is given for numbers of detectors in the range 2-40, providing information on the elevation, azimuth and viewing angles as well as the percentage surface coverage. The criterion of nonoverlapping guarantees directional detection and the largest possible viewing angles provide optimal surface coverage. The disposition of the detectors is in concentric circles on the hemisphere. Each circle contains a different number of detectors.
